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Combining tight-binding theory, atom manipulation, and scanning tunneling spectroscopy, we
demonstrate a quasicontinuous tuning of the flat-band energy in cluster-decorated Lieb lattices. By
substituting the edge sites of Lieb lattices with tunable, rhombus-shaped four-site clusters, the emergent flat
bands inherit the eigenenergies of the clusters and can be smoothly and predictably adjusted over a wide
range, as verified experimentally with Fe atomic lattices on Ag(111). Our approach enables precise
alignment of the flat-band energy with the Fermi level while preserving graph connectivity, providing a
convenient and reliable platform for exploring emerging phenomena in quantum materials.
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Flat bands, characterized by their vanishingly small
energy dispersion, have emerged as a central focus of
contemporary research due to their remarkable capability to
host exotic quantum states [1–18]. These fascinating
properties arise from the divergent density of states and
quenched kinetic energies. When situated near the Fermi
level (EF), flat bands can significantly enhance many-body
interactions, thereby promoting novel correlated phases
[19–24]. A notable example is flat-band-assisted super-
conductivity [21,25–27], where interband scattering
between dispersive and flat bands plays a crucial role.
This mechanism is notably exemplified in twisted bilayer
graphene at specific “magic angles” [28,29], where a
preferred band configuration, a flat band closely aligned
with EF, underpins the enhancement of the critical temper-
ature. Numerous studies have successfully achieved tuna-
ble flat bands in twisted systems, demonstrating their
strong potential [30–34].
In contrast, generating and controlling flat bands in other

two-dimensional systems, particularly in artificial lattices
constructed via atom manipulation, remains comparatively
underdeveloped, despite the versatility and atomic-level
precision that such platforms offer. Recent progress
includes the direct construction of flat-band lattices
[35,36], the symmetry-guided creation of flat bands [37],
and a band-compression mechanism [38]. These develop-
ments lay a foundation for on and off control of flat bands.
Exploring the rich landscape of flat-band-induced

phenomena, however, requires continuous control over their
energy positions, particularly the capability to align a flat
band with the Fermi level. Among the numerous theoretical
frameworks for flat-band construction [1,13,39–47], several
explicitly support control of the flat-band energy, including
strain [39], hopping engineering [40,42], magnetic flux [13],
optimization method [43], supersymmetric transformation
[44], and compact localized states method [41,45]. While
each method introduces tunable parameters, identifying
experimentally accessible regimes remains challenging.
Here, utilizing tight-binding calculations, we propose an

effective method to achieve quasicontinuous control of flat-
band energies by replacing the edge sites of a Lieb lattice
with rhombus-shaped four-atom clusters. We further
experimentally demonstrate its feasibility utilizing Fe
adatoms on the Ag(111) surface. The approach splits the
original one flat band of a Lieb lattice into five flat bands,
two of which are degenerate. Interestingly, these four flat-
band energies are aligned with the eigenenergies of the
cluster. By manipulating the dimension of the rhombus, the
eigenenergies of the cluster change. So do the flat-band
energies of the cluster-decorated Lieb Lattice. In such a
way, the flat-band energies can be readily tuned with the
dimension of the cluster. With atom manipulation, we
construct various cluster-decorated Lieb lattices with differ-
ent configurations, showcasing the generation of the flat
bands and quasicontinuous manipulation of their energies.
Remarkably, this includes the ability to align one flat band
to the Fermi level. Our method opens up new possibilities
for achieving highly tunable flat bands, paving the way for
further exploration of exotic quantum physics and strongly
correlated phenomena.
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The Lieb lattice [Fig. 1(a)] represents a typical flab-band
lattice [48]. The band structure features a flat band located
at the on-site energy when only the nearest-neighbor
interactions are considered [Fig. 1(b)] [49]. This flat band
originates from the destructive interference, which gives
rise to localized states residing on the edge sites [36].
Replacing the edge sites with rhombus-shaped four-atom
clusters, as depicted in Fig. 1(c), a special lattice called a
cluster-decorated Lieb lattice can be created. Several
examples have also been theoretically identified in the
flat-band lattice database [43]. In our construction, the four-
site cluster comprises two distinct types of sites: the “side
sites” (blue spheres), which connect to the corner sites of
the lattice, and the “middle sites” (red spheres), located in
the middle line between two neighboring corner sites.
The cluster-decorated Lieb lattice can be parametrized

by three key parameters [Fig. 1(e)]: the separation between
the side sites and the corner sites of the lattice, r1, and the
distance between two side sites or middle sites, r2 and r3.
These lattices exhibit distinctive and robust features.
Notably, the system supports five flat bands, E1ðdÞ (two
degenerate flat bands), E2, E3, and E4, as shown in
Fig. 1(d). The energies of these flat bands are precisely
aligned with the eigenenergies of an isolated cluster with
the same dimension. This can be viewed as a natural
extension of the flat-band formation mechanism in the
original Lieb lattice, where the destructive interference
effectively decouples the edge sites from the rest of the

system [40,46]. Replacing the edge sites with four-site
clusters lifts the degeneracy and produces four distinct
energy levels [Fig. 1(f)], which correspond to the flat-band
energies in the cluster-decorated Lieb lattice. The one-to-
one correspondence between cluster eigenenergies and flat-
band energies provides a convenient and tunable platform
for flat-band engineering, as the flat-band positions can be
readily adjusted through geometric modification of the
cluster.
The underlying physics can be understood as follows.

Assuming zero hopping between the two side sites, the
Hamiltonian of the rhombus-shaped four-site cluster can be
written as

HC ¼

0
BBB@

μm Jm;m Jm;s Jm;s

Jm;m μm Jm;s Jm;s

Jm;s Jm;s μs 0

Jm;s Jm;s 0 μs

1
CCCA: ð1Þ

In it, μm=s is the on-site energy of middle sites or side sites,
Jm;m is the hopping constant between two middle sites, and
Jm;s is the hopping constant between a middle site and a
side site. Solving the secular equation yields four discrete
eigenenergies, as marked in Fig. 1(f),

FIG. 1. (a) Schematic of a Lieb lattice. (b) Band structure of the Lieb lattice in (a), featuring a flat band at the on-site energy, μ. J1
denotes the nearest-neighbor hopping. (c) Schematic of a cluster-decorated Lieb lattice, where the edge sites of the Lieb lattice are
replaced by rhombus-shaped clusters. (d) Band structure of the cluster-decorated Lieb lattice, including four flat bands. In it, r1∶r2∶r3 ¼
2∶3.6∶1.5 with r1, r2, and r3 defined in (e). For simplicity, we limit our discussion for r3 < r1; r2. (f) Origin of the flat bands shown in
(d): replacement of the edge site by a four-site cluster yields five flat bands that inherit the eigenenergies of the cluster. They are marked
by the distribution of the density of states on the corresponding types of sites. The difference of μ at different sites will shift the relative
position of the flat bands. μm=s ¼ μ is assumed in the figure for brevity.
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As the hopping amplitude depends on the corresponding
intersite distance, these four energies are functions of μm=s,
r2, and r3. Writing down the Hamiltonian of the cluster-
decorated Lieb lattice, we find that these energies are also
solutions of its secular equation [Supplemental Material
(SM) Note 1 [50] ]. This unique property provides an
interesting route to control the flat-band energies by simply
adjusting the cluster geometry and the on-site energy μm=s.
For convenience, we refer to these flat bands with their
corresponding energies.
To verify this proposal, we performed experiments using

a low-temperature scanning tunneling microscopy system
(see details in SM Note 2 [50]). We employed atom
manipulation to construct cluster-decorated Lieb lattices,
each consisting of 57 Fe adatoms on an Ag(111)
substrate. Two representative examples are displayed in
the top panels of Fig. 2. For the specific configuration
shown in Fig. 2(a), r1 ≈ 2.02 nm, r2 ≈ 3.72 nm, and
r3 ≈ 1.64 nm. Differential conductance (dI=dV) spectra
were measured at selected adatom positions. To minimize
the effects of minor lattice distortions, spectra from
symmetry-equivalent sites were averaged. To reduce the
influence of the tip effect, the measured dI=dV spectra
were normalized by a reference spectrum taken atop an
isolated single adatom on a wide terrace. The raw data
and the normalization procedures are presented in SM
Note 3 [50]. As shown in Fig. 2(b), the normalized dI=dV
spectrum at the middle sites (red curve, top panel) exhibits a
pronounced peak at ∼55 mV, in good agreement with the
calculated local density of states (LDOS) (bottom panel).
Note that an additional Gaussian broadening of 17.35 meV
is included in the calculations to reproduce the experi-
mental broadening (see details in SM Note 4 [50]). The
normalized spectrum at the side sites (blue curve, top panel)
shows several weak peaks, in contrast to the pronounced
one at the middle site. These weak peaks align with the
corresponding LDOS shown below. The intensity com-
parison of these peaks is discussed in SM Note 1 [50].
Given the one-to-one correspondence of the experimental
spectra with the calculated LDOS, we attribute the pro-
nounced peak at the middle sites to the E1ðdÞ flat band. In
the spectrum obtained at the side sites, the two peaks, at
∼84 meV and ∼168 meV, correspond to the E2 and E3 flat
bands. Considering its prominence, we focus on the E1ðdÞ
flat band in our discussions below.
Figures 2(c) and 2(d) present the results for another

representative. In this configuration, r1 ¼ 3.00 nm,

r2 ¼ 4.50 nm, and r3 ¼ 2.00 nm. The normalized dI=dV
spectra at bothmiddle- and side-sites show close similarity in
the peak positions with the calculated LDOS for the
corresponding sites, further supporting the above interpre-
tation. Remarkably, both experiment and theory confirm
the presence of a flat band almost at the Fermi level. Thus,
our experiments provide direct and robust confirmation of
the proposed cluster-based mechanism. The clear difference
in E1ðdÞ between the two geometries also showcases the
tunability of the flat-band energies as proposed.
To further demonstrate the tunability of flat bands in

cluster-decorated Lieb lattices, we assembled a series of
such lattices with varying parameters and systematically
investigate the dependence of E1ðdÞ on r1, r2, and r3.
Following the same procedure described above, we extract
the peak positions corresponding to the E1ðdÞ flat band for
each lattice. For the r1 dependence, we varied r1 from 1.50
to 3.50 nm while fixing r2 ¼ 3.60 nm and r3 ¼ 1.50 nm.
The E1ðdÞ flat band peak rapidly decreased from ∼106 to
−4 mV with increasing r1 [Fig. 3(a)]. For the r2 depend-
ence, we fixed r1 ¼ 2.00 nm and r3 ¼ 1.50 nm; in this

FIG. 2. Cluster-decorated Lieb lattices constructed with 57 Fe
adatoms on Ag(111) surface and their electronic properties.
(a) Topographic image of a cluster-decorated Lieb lattice with
r1 ≈ 2.02 nm, r2 ≈ 3.72 nm, and r3 ≈ 1.64 nm. [(b), top] Nor-
malized dI=dV spectra measured on the adatoms marked with
corresponding colors in (a). [(b), bottom] Corresponding LDOS
calculated using a tight-binding model with the same geometry.
Note that both red curves obtained on the middle sites show a flat-
band peak at ∼55 mV. (c) and (d) are similar to (a) and (b) but
with a different set of lattice parameters, r1 ¼ 3.00 nm,
r2 ¼ 4.50 nm, and r3 ¼ 2.00 nm. Notably, both red curves show
a flat-band peak at EF. The scale bars in (a) and (c) are both 5 nm.
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case, E1ðdÞ also rapidly decreased from ∼135 to ∼40 mV
with increasing r2 [Fig. 3(b)]. The r3 dependence of E1ðdÞ
in Fig. 3(c), which was obtained by maintaining r1 ¼
2.00 nm and r2 ¼ 3.60 nm, however exhibited the opposite
behavior. It increased with increasing r3, and the amplitude
of the variation is smaller, from ∼55 to ∼75 meV only.
In the following, we discuss the origin of these three

dependencies. In our tight-binding calculations, E1ðdÞ is
primarily determined by μm and the overlap integral Jm;m.
Previous investigations show that μ scales with the local
atomic density and the hopping energy between two Fe
adatoms on Ag(111) is a function of their separation r,
which follows JðrÞ ¼ CΔ=r2 with CΔ ¼ 0.24 eV=nm2

[12]. To address the spatial inhomogeneity of atomic
density, two additional assumptions are introduced:
(1) effective-area assumption and (2) cluster assumption.
For effective-area assumption, since each unit cell has the
area of ð2r1 þ r2Þ2 and the atoms are distributed away from
the cell center, the effective area is defined as Seff ¼
ð2r1 þ r2Þ2 − r22. For cluster assumption, the on-site energy
is further influenced by the presence of clusters due to their
distinct local atomic configuration. Each rhombus-shaped
cluster occupies an area of 1

2
r2r3 and a unit cell

contains nine sites, eight of which form two rhombuses.

Combining these effects with the influence of the surface
state, we express the on-site energy as μp¼μ0 þ
½9Cg=ð2r1þr2Þ2−r22�þð8C1;p=r2r3ÞþC2;p

P
Δrð1=Δr2Þ,

where p denotes middle (m), side (s), or corner (c) sites.
Here, μ0 represents the on-site energy of the Ag(111)
surface state. The Cg term describes the global contribution
associated with the effective atomic density within the unit
cell and is fixed at 0.633 eV nm2 based on previous studies
[38]. The parameters C1;p and C2;p describe the contribu-
tions from the local atomic configuration to the on-site
energy. Δr denotes the distances between any other atoms
and the investigated adatom, and a cutoff of 20 nm is
applied, beyond which the contribution becomes negli-
gible. Taking this on-site energy, we can further obtain the
energy for E1ðdÞ flat band as

E1ðdÞ ¼μ0þ
9Cg

ð2r1þr2Þ2−r22
þ8C1;m

r2r3
þC2;m

X
Δr

1

Δr2
−CΔ

r23
:

ð3Þ

We use Eq. (3) to fit the experimentally obtained r1 and r2
dependencies in Fig. 3. Interestingly, both datasets are well
described using almost identical fitting parametersC1;m and
C2;m. The fitting yields C1;m ¼ 0.089� 0.005 eV nm2,
C2;m ¼ −0.012� 0.003 eV nm2. Using the obtained C1;m

and C2;m, we further calculated the r3 dependence. As
shown in Fig. 3(c), the calculated curve (red line) quanti-
tatively reproduces the experimental data (dark gray
spheres), supporting the validity of the proposed model.
We also fitC1;s andC2;s using the same model, and find that
the E3 flat-band peak can be also well reproduced (see SM
Note 5 [50]).
Positioning the flat band near EF is essential for the

emergence of strong correlation effects and thus highly
desired. This can be achieved through solving Eq. (3) for
E1ðdÞ ¼ 0. We find that E1ðdÞ shows a weak dependence on
r2 when r1 ¼ 3.00 nm and r3 ¼ 2.00 nm, allowing a fine-
tuning. And r2 is calculated to be 4.54 nm for E1ðdÞ ¼ 0.
Varying r2 around this value indeed tunes the flat band
across the Fermi level, Fig. 4(a). This demonstrates that our
approach can tune the flat-band energy and align it with the
Fermi energy. Interestingly, as shown in SM Note 4 [50],
we find that when the flat-band energy lies within
∼20 meV of EF, the width of the flat-band peak decreases
rapidly and pronouncedly, in line with previous investiga-
tions [51,56]. This observation suggests a possible strong
correlation effect though other mechanisms may also be
involved. Further investigation, such as the temperature-
and field-dependent phase transition studies, may be help-
ful to further clarify its origin.
Above, we demonstrated how each structural parameter

can be utilized to control the flat bands in cluster-decorated
Lieb lattices. If the lattice parameters are not adjusted
appropriately, the lattice may fragment into several isolated

FIG. 3. Tuning the energy of the E1ðdÞ band by modifying r1,
r2, and r3. Dark gray spheres represent the experimental data.
Error bars indicate the standard deviation of the statistics. In (a)
and (b), the blue solid lines are fits using Eq. (3), while the red
curve in (c) is calculated using Eq. (3) with parameters obtained
from fits in (a) and (b).
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parts, causing the flat bands to collapse into discrete energy
levels [57–60]. Based on this insight, we compare three
distinct mechanisms for tuning flat bands: (1) the cluster
mechanism, where varying r2 modifies the flat-band
energies in cluster-decorated Lieb lattices; (2) the scaling
mechanism, where uniform rescaling of the entire
lattice results in proportional shifts of all energy levels;
and (3) the band-compression method, where varying the
second nearest-neighbor distance modifies the flat
bands. To quantitatively compare these mechanisms, we
employ graph-connectivity analysis (see details in SM
Note 6 [50]), which is as a powerful tool in the study of
flat-band systems [1,61–69]. The algebraic connectivity is
defined as the second-smallest eigenvalue of the Laplacian
matrix associated with the lattice graph [66,70,71]. A
nonzero value indicates that the lattice remains connected,
whereas a value of zero corresponds to a completely
disconnected structure. Larger values imply stronger global
interactions. Figure 4(b) depicts the algebraic connectivity
as a function of the lattice constant for these three
mechanisms. Though the connectivity decreases with
increasing lattice constant in these three cases, the reduc-
tion for the cluster mechanism is significantly weaker,
displaying only a relatively modest decrease. Importantly, it
shows a nonzero value over a wide range. This demon-
strates the preservation of algebraic connectivity. We note

that a nonzero algebraic connectivity demonstrates graph
connectivity but is not direct evidence of strongermany-body
interactions or guaranteed preservation of the flat band.
In summary, we have demonstrated a convenient and

reliable platform for the quasicontinuous and predictable
tuning of flat-band energies using cluster-decorated Lieb
lattices. By harnessing the intrinsic eigenenergies of tun-
able atomic clusters, this approach enables the formation of
flat bands with predefined energy positions. We experi-
mentally verified this approach through scanning tunneling
spectroscopy on Fe-based atomic lattices on Ag(111), in
particular, the ability to align a flat band precisely with the
Fermi level. Moreover, graph-connectivity analysis reveals
that the lattice retains strong structural coherence during
tuning. Interestingly, we find our strategy can be general-
ized to other clusters as well as different mother flat-band
lattices (SM Note 7 [50]). These results not only establish a
robust experimental platform for flat-band engineering but
also pave the way for future studies of exotic correlated
phenomena.
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